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. ^ , Abstract. Let T(a::,£) denote the first hitting time of the disc of radius 

1^1 ■ £ centered at x for Brownian motion on the two dimensional torus T^. 

We prove that sup^gj.2 T(a;,e)/| logep — > 2/-k as e ^ 0. The same 
#vj . applies to Brownian motion on any smooth, compact connected, two- 

dimensional, Riemannian manifold with unit area and no boundary. As 
a consequence, we prove a conjecture, due to Aldous (1989), that the 
P^ , number of steps it takes a simple random walk to cover all points of 

Q^ ' the lattice torus Z^ is asymptotic to 4n^(logn)^/7r. Determining these 

asymptotics is an essential step toward analyzing the fractal structure 

of the set of uncovered sites before coverage is complete; so far, this 

2 ' structure was only studied non- rigorously in the physics literature. We 

also establish a conjecture, due to Kesten and Revesz, that describes 

the asymptotics for the number of steps needed by simple random walk 

., in Z'^ to cover the disc of radius n. 

> 



^ 



c^ 



1. Introduction 



l> 

^■"^ ' In this paper, we introduce a unified method for analyzing cover times for 

(^ ■ random walks and Brownian motion in two dimensions, and resolve several 

^H ! open problems in this area. 

-(— > 

1.1. Covering the discrete torus. The time it takes a random walk to 
cover a finite graph is a parameter that has been studied intensively by 
probabilists, combinatorialists and computer scientists, due to its intrinsic 

k> \ appeal and its applications to designing universal traversal sequences IllL 

;_i ■ E] , testing graph connectivity |51 |T21 , and protocol testing |25 ; see P| for an 

introduction to cover times. Aldous and Fill ^ Chapter 7] consider the cover 

time for random walk on the discrete d-dimensional torus Z^ = 7/ /nU^, and 

write: 

"Perhaps surprisingly, the case d = 2 turns out to be the 
hardest of all explicit graphs for the purpose of estimating 
cover times". 
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2 AMIR DEMBO YUVAL PERES JAY ROSEN OFER ZEITOUNI 

The problem of determining the expected cover time 7^ for Z,^ was posed 
informally by Wilf |22] who called it "the white screen problem" and wrote 

"Any mathematician will want to know how long, on the av- 
erage, it takes until each pixel is visited. " 

(see also jlj Page 1]). 

In 1989, Aldous P conjectured that 7^/(nlogn)^ — > A/it. Aldous noted 
that the upper bound 7^/(nlogn)^ < A/tt + o(l) was easy, and pointed 
out the difficulty of obtaining a corresponding lower bound. A lower bound 
of the correct order of magnitude was obtained by Zuckerman jHOl, and in 
1991, Aldous |H] showed that '7^/E(7^) — > 1 in probability. The best lower 
bound prior to the present work is due to Lawler [20], who showed that 
liminfE(r„)/(nlogn)2 > 2/7r. 

Our main result in the discrete setting, is the proof of Aldous's conjecture: 

Theorem 1.1. IfTn denotes the time it takes for the simple random walk 
in Z^ to completely cover Z^, then 

(1.1) lim - — -TT = — in probability. 

n^oo (nlogn)^ vr 

The main interest in this result is not the value of the constant, but 
rather that establishing a limit theorem, with matching upper and lower 
bounds, forces one to develop insight into the delicate process of coverage, 
and to understand the fractal structure, and spatial correlations, of the 
configuration of uncovered sites in Z^ before coverage is complete. 

The fractal structure of the uncovered set in Z^ has attracted the interest 
of physicists, (see 25_ , [12j and the references therein), who used simulations 
and non-rigorous heuristic arguments to study it. One cannot begin the 
rigorous study of this fractal structure without knowing precise asymptotics 
for the cover time; an estimate of cover time up to a bounded factor will 
not do. See ^^ for quantitative results on the uncovered set, based on the 
ideas of the present paper. 

Our proof of Theorem 11.11 is based on strong approximation of random 
walks by Brownian paths, which reduces that theorem to a question about 
Brownian motion on the 2-torus. 

1.2. Bro'wnian motion on surfaces. For x in the two-dimensional torus 
T^, denote by Dj2{x, e) the disk of radius e centered at re, and consider the 
hitting time 

T{x, e) = inf{i >0\Xte Dj2 (x, e)}. 
Then 

Ce = sup T{x, e) 

is the e-covering time of the torus T^, i.e. the amount of time needed for the 
Brownian motion Xt to come within e of each point in T^. Equivalently, C^ is 
the amount of time needed for the Wiener sausage of radius e to completely 
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cover T^ . We can now state the continuous analog of Theorem II. H which is 
the key to its proof. 

Theorem 1.2. For Brownian motion in T^, 

Ce 2 

(1.2) hm — K = — a.s. 

.-0(loge)2 TT 



Matthews \'2'6\ studied the e-cover time for Brownian motion on a d dimen- 
sional sphere (embedded in M'^+^) and on a d-dimensional projective space 
(that can be viewed as the quotient of the sphere by reflection). He calls 
these questions the "one-cap problem" and "two-cap problem" , respectively. 
Part of the motivation for this study is a technique for viewing multidimen- 
sional data developed by Asimov [7j . Matthews obtained sharp asymptotics 
for all dimensions d > 3, but for the more delicate two dimensional case, his 
upper and lower bounds had a ratio of 4 between them; he conjectured the 
upper bound was sharp. We can now resolve this conjecture; rather than 
handling each surface separately, we establish the following extension of The- 
orem E2l See Section IHl for definitions and references concerning Brownian 
motion on manifolds. 

Theorem 1.3. Let M be a smooth, compact, connected two-dimensional, 
Riemannian manifold without boundary. Denote by C^ the e-covering time 
of M, i.e., the amount of time needed for the Brownian motion to come 
within (Riemannian) distance e of each point in M . Then 

C, _ 2 

*o(loge)2 ~ vr' 

where A denotes the Riemannian area of M . 



(1.3) 1™ t; — ' — 2 ~ ~^ ^"^^ 



(When M is a sphere, this indeed corresponds to the upper bound in 
once a computational error in |23j is corrected; the hitting time in (4.3) 
there is twice what it should be. This error led to doubling the upper and 
the lower bounds for cover time in |231 Theorem 5.7]). 

1.3. Covering a large disk by random walk in Z^. Over ten years 

ago, Kesten (as quoted by Aldous [T] and Lawler |2D]) and Revesz j^H] 

independently considered a problem about simple random walks in Z^: How 

long does it take for the walk to completely cover the disc of radius n ? Denote 

this time by T„. Kesten and Revesz proved that 

(1.4) 

e"^/* < liminf P(logr„ < ^(logn)^) < limsupP(logT„ < t(logn)^) < e~°-^K 

for certain < a < 6 < oo. Revesz |^ conjectured that the limit exists and 
has the form e~^'^ for some (unspecified) A. Lawler [20] obtained H1.4() with 
the constants o = 2, 6 = 4 and quoted a conjecture of Kesten that the limit 
equals e~^'*. We can now prove this: 
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Theorem 1.4. //T„ denotes the time it takes for the simple random, walk 
in 1? to completely cover the disc of radius n, then 

(1.5) lim P(logr„ < t{\ognf) = e"^/*. 

1.4. A birds-eye view. The basic approach of this paper, as in ^31; is 
to control e- hitting times using excursions between concentric circles. The 
number of excursions between two fixed concentric circles before e-coverage 
is so large, that the e-hitting times will necessarily be concentrated near 
their conditional means given the excursion counts (see Lemma l3.2j) . 

The key idea in the proof of the lower bound in Theorem ll.21 is to control 
excursions on many scales simultaneously, leading to a 'multi-scale refine- 
ment' of the classical second moment method. This is inspired by techniques 
from probability on trees, in particular the analysis of first-passage percola- 
tion by Lyons and Pemantle j22j . The approximate tree structure that we 
(implicitly) use arises by considering circles of varying radii around different 
centers; for fixed centers x, y, and "most" radii r (on a logarithmic scale) 
the discs Dj2{x,r) and Dj2{y,r) are either well-separated (if r <C d{x,y)) 
or almost coincide (if r ^ d{x,y)). This tree structure was also the key to 
our work in T^, but the dependence problems encountered in the present 
work are more severe. While in |13j the number of macroscopic excursions 
was bounded, here it is large; In the language of trees, one can say that 
while in ^j we studied the maximal number of visits to a leaf until visiting 
the root, here we study the number of visits to the root until every leaf has 
been visited. For the analogies between trees and Brownian excursions to 
be valid, the effect of the initial and terminal points of individual excursions 
must be controlled. To prevent conditioning on the endpoints of the numer- 
ous macroscopic excursions to affect the estimates, the ratios between radii 
of even the largest pair of concentric circles where excursions are counted, 
must grow to infinity as e decreases to zero. 

Section El provides simple lemmas which will be useful in exploiting the 
link between excursions and e-hitting times. These lemmas are then used 
to obtain the upper bound in Theorem 11.21 In Section 01 we explain how to 
obtain the analogous lower bound, leaving some technical details to lemmas 
which are proven in Sections JOHZl In Section jll we prove the lattice torus 
covering time conjecture. Theorem II. 11 and in Section^lwe prove the Kesten- 
Revesz conjecture. Theorem 11.41 In Section JHl we consider Brownian motion 
on manifolds and prove Theorem 11.31 Complements and open problems are 
collected in the final section. 

2. Hitting time estimates and upper bounds 

We start with some definitions. Let {IVt}f>o denote planar Brownian 
motion started at the origin. We use T^ to denote the two dimensional torus, 
which we identify with the set (—1/2, 1/2]^. The distance between x, y G T^, 
in the natural metric, is denoted d{x,y). Let Xt = W^ mod Z^ denote 
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the Brownian motion on T^, where a mod Z^ = [a + (1/2, 1/2)] mod Tl? — 
(1/2,1/2). Throughout, D{x,r) and Dj2{x,r) denote the open discs of 
radius r centered at x, in M? and in T^, respectively. 

Fixing X G T2 let r^ = inf{t > : Xt £ dD'^2{x,C)} for ^ > 0. Also 
let T^ = inf{t > : i?i G 9D(0, ^)}, for a standard Brownian motion Bf on 
M?. For any x £ T^, the natural bijection i = ix ■ Df2{x, 1/2) i-^ D{0, 1/2) 
with ia;(x) = is an isometry, and for any z £ Dj2{x, 1/2) and Brownian 
motion Xf on T^ with Xq = z, we can find a Brownian motion Bt starting at 
ix{z) such that Ti/2 = r^/a and {ixiXt),t < T1/2} = {Bt,t < Ti/2}- We shall 
hereafter use i to denote ix, whenever the precise value of x is understood 
from the context, or does not matter. 

We start with some uniform estimates on the hitting times E^(rr-). 

Lemma 2.1. For some c < 00 and all r > small enough, 

(2.1) llr^ll := supE^(r^) < c\ \ogr\ . 

y 

Further, there exists r]{R) -^ as R ^ 0, such that for all < 2r < R, 

x£T^, 

^-^-^log(^) < inf E^(r.) 

TT \r J y(^dDj2{x,R) 

(2.2) < sup E^(r,)<-^^^logf- 

Proof of Lemma 12. H Let A denote the Laplacian, which on T^ is just 
the Euclidean Laplacian with periodic boundary conditions. It is well known 
that for any x G T^ there exists a Green's function Gx{y), defined for y G T^\ 
{x}, such that AGx = 1 and F{x,y) = Gx{y) + ■^\ogd{x,y) is continuous 
on T^ X T^ (c.f. jS[ p. 106] or ^B] where this is shown in the more general 
context of smooth, compact two-dimensional Riemannian manifold without 
boundary). For completeness, we explicitly construct such Gx{-) at the end 
of the proof. 

Let e(y) = Ey{Tr). We have Poisson's equation ^Ae = —1 on T^ \ 
Df2{x,r) and e = on dDj2{x,r). Hence, with x fixed, 

(2.3) A(Gx + ^e]=0 on T^ \Dj2ix,r). 

Applying the maximum principle for the harmonic function Gx + jC on 

T^ \ Dj2{x, r), we see that for all y G T^ \ Dj2{x, r), 

(2.4) inf Gx{z)<Gx{y) + ^e{y)< sup Gx{z). 

zedD^2{x,r) I zeaD^2{x,r) 
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Our lemma follows then, with 

27r 
rj{R) = - — -sup sup \F{x,z) - F{x,y)\ 

^Og^ xeT2 y,z(^D.j2{x,R) 

c = (I/tt) + [(l/7r)logdiam(T^) +4 sup |F(a;,y)|]/log4 < cx) , 

except that we have proved <\'2.1\i so far only for y ^ Dj2{x,r). To complete 
the proof, fix x' S T^ with d{x,x') = 3p > 0. For r < p, starting at 
-^0 = y £ Dj2 (x, r), the process Xt hits 5-0^2 (x, r) before it hits dDj2 {x' , r). 
Consequently, Ey{Tr) < c\ logr| also for such y and r, establishing l\2.1^ . 

Turning to construct Gx{y), we use the representation T^ = (—1/2, 1/2]^. 
Let (p £ C°°(M) be such that </> = 1 in a small neighborhood of 0, and = 
outside a slightly larger neighborhood of 0. With r = |z| for z = (zi,Z2), let 

h{z) = - — (/)(r)logr 
and note that by Green's theorem 

(2.5) / Ah{z)dz = l. 

Recall that for any function / which depends only on r = \z\ 

A/ = f" + -/', 
r 

and therefore, for r > 

A/i(z) = - — ((/>" (r)logr + ^J-i^^</)'(r)). 
27r r 

Because of the support properties of 0(r) we see that H{z) = Ah{z) — 1 is 
a C°° function on T^, and consequently has an expansion in Fourier series 

oo 

H{z) = y^ aj^k'^os{2Trjzi) cos{2Trkz2) 
j,k=0 

with aj fc rapidly decreasing. Note that as a consequence of (|2.5jl we have 
flo,o = 0. Set 

oo 

^(^)= Yl 4^2(51 fc2N cos(27rjzi) cos(27rfcz2). 

(i,fc)^(o,o) 

The function F{z) is then a C°° function on T^ and it satisfies AF = —H. 
Hence, if we set g{z) = h{z) + F{z) we have Ag{z) = 1 for \z\ > and 
g{z) + 2^ log \z\ has a continuous extension to all of T^. The Green's function 
for T^ is then Gj:(y) = 5r((x -y)'ir2). D 

Fixing X G T^ and constants < 2r < R < 1/2 let 

(2.6) r(°) = inf{t > | Xj G aDT2 (x, R)} 
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(2.7) a(i) = infjt > | X^+^(o) G dDj2 {x, r)} 
and define inductively for j = 1,2,... 

(2.8) t(^) = inf{t > a(^) | Xt+^^_^ G dDj2 {x, R)}, 

(2.9) (7(^+1) = inf{t > I Xt+z, G dDj2{x, r)}, 

where Tj = X^^^g ''" for j = 0, 1, 2, . . .. Thus, r'--'^ is the length of the j'-th 
excursion £j from dDf2{x, R) to itself via dDj2{x, r), and a^^' is the amount 
of time it takes to hit dDj2 (x, r) during the j'-th excursion £j. 

The next lemma, which shows that excursion times are concentrated 
around their mean, will be used to relate excursions to hitting times. 

Lemma 2.2. With the above notation, for any N > Nq, 60 > small 
enough, < 6 < 60, < 2r < R < Ri{6), and x,xq G T^, 

(2.10) P^o I V r(^) < (1 - 5)N- \og(R/r) | < e"^^'^ 

I- " " / 

and 

(2.11) P^o I Y^ r(j) > (1 + 5)N- \og{R/r) j < e'^^'^ 

Moreover, C = C{R, r) > depends only upon 5o as soon as R > r^~ ° . 

Proof of Lemma 12. 2t Applying Kac's moment formula for the first hitting 
time Tr of the strong Markov process Xt (see |17l Equation (6)]), we see that 
for any 9 < l/||rr||, 

(2.12) supE^(e^^'-) < 1--. 

y 1 — u\\Tr\\ 

Consequently, by (|2.1() we have that for some A > 0, 

(2.13) sup supE?'(e^^'/|i°s^'l) <oo. 

0<r<ro x,y 

By the strong Markov property of Xf at t^^' and at t^^' + o"'^' we then 
deduce that 

(2.14) sup supE^(e^^i/l^°§'^l)<oo. 

0<2r<_R<ro x,y 

Fixing X G T^ and < 2r < i? < 1/2 let r = r^^) and v = ^log{R/r). 
Recall that {X^ : t < tr} starting at Xq = z for some z G dDj2 {x, r), has the 
same law as {Bt : t < tr} starting at Bq = i{z) G dD{0,r). Consequently, 

p2 

(2.15) ||T^|U:=sup sup E'{tr)<E''{tr) = — ^r^oO, 

^ z&D^2{x,R) ^ 
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by the radial symmetry of the Brownian motion Bf. 

By the strong Markov property of Xt at t^^' + a^^' we thus have that 

E^(r^) < Ey{T) < Ky{Tr) + \\tb.\\r Vy G dDj2{x,R) 

Consequently, with r] = 5/6, let Ri{5) < r^ be small enough so that l\'2.2\i 
and (|2.15j) imply 

{l-r])v < inf inf E2'(t) 
2^ y&dDj2{x,R) 

(2.16) < sup sup ES'(r) < (l + 27/)t;, 

a; yedDj2 (x,R) 

whenever R < Ri. It follows from (|2.14l) and (|2.16|) that there exists a 
universal constant C4 < oo such that for p = c^l logrp and all > 0, 

sup sup Ey{e-^^) 

X yi^dD^2{x,R) 

< l-Oini inf EJ'(t) + — sup sup Ey{T^) 

X y<^dD.^2{x,R) 2 X y^dD^2(x,R) 

(2.17) < l-e{l-r])v + pe'^ <eyiY>{pe'^ -e{l-r])v) 

Since t^^> > 0, using Chebyshev's inequality we bound the left hand side of 
(tOnl) by 

N 
p-o(^r(^)<(l-6r/)7;iv) < e'^'~'^^^''E^<^ (^e^'^^-^^''') 



(2.18) < e"^^^^'/'^ e''^'-'^''' sup E^(e~''^) 

y£dDj2ix,R) 



N 



where the last inequality follows by the strong Markov property of Xt at 
{1j}. Combining (PT7|) and (PTTH)) for 9 = 6v/{6p), results in ((TTU)) . where 
C = v^/mp > is bounded below by <5g/(36c47r2) if r^-^o < ^. 

To prove ()2.1ip we first note that for 9 = \/\ \ogr\ > and A > as in 
(|m)) . it follows that 



pxo /^^(O) > ^^^A < g-0^(5/3)Af]gxo(gAr(O)/|logr|) 



< C5e-"«'^^ 



where C5 < 00 is a universal constant and cg = ce (r, i?) > does not 
depend upon A^, 5 or xq and is bounded below by some C7((5o) > when 
^i-<5o ^ ^_ Thus, the proof of 1)2. 11() . in analogy to that of 1)2. lOj) . comes 
down to bounding 
(2.19) 

^ N 

P^o (V r(j) > (1 + 4r/)wiv) < e'^^"^'^ L-e[i+2ri)v ^^^ E^(e^^)' 
^j=i ' ^ yedD^2{x,R) 
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Noting that, by (|2.14j) and (|2.16|) . there exists a universal constant cs < oo 
such that for p = cs] logrp and all < ^ < A/(2| logr|), 

°° an 
sup sup ¥y{e^^) < l + e{l + 2r])v + s\rp sup V — EJ'(r") 

< 1 + 9(1 + 2r])v + pO"^ < exp((9(l + 2r])v + pO"^) , 
the proof of (|2.11|) now follows as in the proof of ()2.1U|) . D 

Lemma 2.3. For any 6 > Q we can find c < oo and Eq > so that for all 
£ < So and y > 

(2.20) P^'o {T{x,e) > y(loge)2) < ce^^^^^^^ 

for all x,xq G T^. 

Proof of Lemma 12. 31 We use the notation of the last lemma and its proof, 
with R < Ri{6) and r = R/e chosen for convenience so that log(i?/r) = 1. 
Let He := (1 - (5)7ry(loge)^. Then, 

(2.21) P-«(T(x,e)>y(log£)2) 

(n^ \ I Tie 

T{x,e) > ^r(^) +P^'« ^t(^) > y(loge) 
j=o J \j=0 

It follows from Lemma 12.21 that 

(2.22) P^o j Y, ^^''^ > y(log ^f I < e-^'^(i°s=)' 

for some C" = C'{6) > 0. On the other hand, the first probability in the 
second line of (|2.2H) is bounded above by the probability of Bf not hitting 
i{Dj2 (x, e)) = D{0, e) during n^ excursions, each starting at i{dDj2 (x, r)) = 
dD{0,r) and ending at i{dDf2{x^R)) = dD{0,R), so that 

(2.23) P^'« I T(x, £)>Y^ ^^^^ I - ( 1 ^~R ] - e"^^~^^^^' '°'^^' 

and fTM follows. D 

We next show that 

T(x e) 2 

(2.24) limsup sup ^ < — , a.s. 

e^O XGT2 (loge) TT 

from which the upper bound for ()1.2|) follows. 

Set h{e) = I logep. Fix 6 > 0, and set e„ = e~^ so that 

(2.25) /i(e„+i) = (1 + -fh{en). 

n 
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Since, for in+i < e < Cn we have 

/2 26) T{x,en+i) _ hjin) T(x,g„.+i) ^ ^ 1 ^ '^(x.e) 

/i(e„+i) h{en+i) h{en) ~ n h{e) 

Fix xo S T^ and let {xj : j = 1, . . . , Kn}, denote a maximal collection of 
points in T^, such that inf^^j d{xi, Xj) > 5e„. Let a = (2 + (5)/(l — 106) and 
An be the set of 1 < j < Kn, such that 

T{xj, (1 - 6)en) > (1 - 25)a/i(e„)/7r. 

It follows by Lemma 12.31 that 

P^«(T(x, (1 - 6)en) > (1 - 2,5)a/i(e„)/^) < ci^'-'''^^ , 

for some c = c((5) < oo, all sufficiently large n and any x £ T^. Thus, for all 
sufficiently large n, any j and a > 0, 

(2.27) P^^{jeAn)<ce^'~'^'^\ 

implying that 

oo oo oo 

j;P"°(|A| > 1) < J^IE^IAI < c' J^e^^ < oo. 

n=l n=l n=l 

By Borel-Cantelli, it follows that An is empty a.s. for all n > no(w) and 
some nQ{uj) < oo. By (|2.26|) we then have for some ni{5,uj) < oo and all 
n > ni{uj) 

T{x,e) a 

sup sup 2 ^ ~ ) 

€<€ni a:eT2 (loge) TT 

and (fT^ follows by taking 5 | 0. D 

3. Lower bound for covering times 
Fixing 5 > and a < 2, we prove in this section that 

(3.1) liminf—- ^> (1-5)- a.s. 

e^O (loge)2 'it 

In view of (|2.24() . we then obtain Theorem 11.21 

We start by constructing an almost sure lower bound on C^ for a specific 
deterministic sequence en,i- To this end, fix ei < Ri{6) as in Lemma IT^ 
and the square S = [ei,2ei]^. Let e^ = ei(A;!)~^ and n^ = Sak'^logk. 
Per fixed n > 3, let en,k = Pn^n{kl)^ for p„ = n~^^ and k = l,...,n. 
Observe that e„,i = p„e„, e„,„ = p„ei, and e„_fe < p„e„+i_fc < e„+i_fc for 
all 1 < fc < n. Recall the natural bijection i : Dj2{0,l/2) i— > Z)(0, 1/2). 
For any x £ S, let 7?.^ denote the time until Xt completes n„ excursions 
from i^^ {dD{x, en,n~i)) to i~^{dD{x,en,n))- (In the notations of Section 
121 if we set R = Cn.n and r = e„_„_i, then 7?.^ = Yll=o'^ )■ Note that 
i~^{dD{x, en,k)) is just dDT;2{i~^{x), en,k), but the former notation will allow 
easy generalization to the case of general manifolds treated in Section |H1 
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For x G S", 2 < /c < n let N^ ^ denote the number of excursions of Xt from 

i~^{dD{x,en^k~i)) to i~^{dD{x,en^k)) until time TZ^. Thus, N^n = '^n = 
3an^logn. A point x G 5 is called n-successful if 

(3.2) iV:,2 = 0, nk-k<Nli,<nk + k VA; = 3, . . . ,n - 1 . 

In particular, if x is n-successful, then T{i~^{x), en,i) > TZn- 

For n > 3 we partition S into M„ = ef /(2e„J2 = (1/4) nr=i ^^ non- 
overlapping squares of edge length 2e„ = 2ei/(n!)^, with Xn,j, j = I, ■ ■ ■ , Mn 
denoting the centers of these squares. Let Y{n,j), j = 1, . . . , M„ be the 
sequence of random variables defined by 

^(^7j) = 1 '^^ Xn,j is n-successful 

and Y{n,j) = otherwise. Set g„ = P{Y{n,j) = 1) = E(y(n,j)), noting 
that this probability is independent of j (and of the value of />„)• 

The next lemma, which is a direct consequence of Lemmas 16.21 and 17.11 
provides bounds on the first and second moments of Y{n,j), that are used 
in order to show the existence of at least one n-successful point Xnj for large 
enough n. 

Lemma 3.1. There exists 5„ — > such that for all n > 1, 

(3.3) Qn = P{x is n-successful) > e""^ " , 
For some Cq < oo and all n, if \xn,i — Xn,j\ > 2e„^„, then 

(3.4) E(y(n,i)y(n,j)) < (1 + Con^i logn)^t • 

Further, for any 7 > we can find C = C{'y) < 00 so that for all n and 
I = l{i,j) = max{/c < n : \xn,i - Xn,j\ > 2e„,fc} V 1, 

(3.5) E(y(n,i)y(n,i))<gtC^"-'^39/ -n,n \ 



Fix 7 > such that 2 — a — 7 > 0. By 1)3. 3|1 for all n large enough, 

(M„ \ 

In the sequel, we let Cm denote generic finite constants that are independent 
of n, I, i and j. Recall that there are at most Cie^ i+i^n'^ points Xnj, j / i, 
in D{xn,i,2en,i+i)- Further, our choice of /9„ guarantees that [en^nj^nf' < 
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C2M„n~^°. Hence, it follows from (jSISI) that forn - 1 > / > 1, 
(3.7) Vi := {Mnqn)-^ ^ ¥.{Y{n,i)Y{n,3\ 

/ \ —o-—-f 



< CiC2n-3C"-' ' '"''+' 



2-a-7 



and since (en,«+i/en,n) < i^n-i/^i) for all 1 < Z < n — 1, we deduce that 

n— 1 oo 

(3.8) Y.^i< C^n-^ Y. C'^^r~^ < C,n~^ . 
1=1 j=i 

We have, by Chebyshev's inequality (see [HJ Theorem 4.3.1]) and (|3.4() . that 
M„ r M„ ^ 

p(^y(n,j) = o) < (M„g-„)-2EHj;y(n,i)) Ul 

n-l 

< (M„^„)-i + Co?^"^ logn + Y^Vi- 

1=1 

Combining this with 1)3. 6p and 1)3. 8|) . we see that 

Af„ 

(3.9) P(^y(n,j) =0) < Cgn-Mogn. 

The next lemma relates the notion of n-successful to the e„^i-hitting time. 

Lemma 3.2. For each n let V„ he a finite subset of S with cardinality 
bounded by e°^"' ' . There exists m{uj) < oo a.s. such that for all n > m and 
all X € Vn, if X is n-successful then 

(3.10) T(ri(x),e„,i)>(loge„,i)2(- 



vr ^log n / 

Proof of Lemma l3.2t Recall that if x is n-successful then T(i^^(x), en,i) > 
E"=o '^'"^^- Hence, using (ITTnll with iV = n„ = 'ian^ logn, 5„ = 7r/(aVIogn), 
-R = (-n^n, and r = e^.n-i so that log(i?/r) = 31ogn and R > r*^'^, we see 
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that for some C > that is independent of n, 

P^ := P'^o ( T(r^(x),e„,i) < (- - ■ )(loge„,i)^ , 2; is n-successful ) 

V vr yiogn J 



N 
< P^« I y t(^) < (- - ^^)(3nlogn 



2 






< P^o|_>>u;<(i_^jl°g(^/^)|<e-^n- 

TT 



Consequently, the sum of Px over all a; G Vn and then over all n is finite, 
and the Borel-Cantelli lemma then completes the proof of Lemma 13.21 D 

Taking Vn = {xn,k '■ k = ^, ■ ■ ■ , ^n}, and the subsequence n(j) = 
j(logi)^, it follows from H3.9|) . (|3.1(J|) and the Borel-Cantelli lemma that 
a.s. 

(3-11) C,^UU ^ (l°g 'nU),lf (^ - ^j4=T^ 

for all j large enough. Since e 1— > C^ is monotone non-decreasing, it follows 
that for any e„(j+i)^i < e < e„(j)_i 

(loge)2 - (loge„(j),i)2 

Observing that (loge„(j_|_i) i)/(loge^(j)^i) ^ 1 as j — > 00, we thus see that 
H3.1() is an immediate consequence of (|3.1ip . D 

Remark: We note for use in Section El that essentially the same proof shows 
that for any a < 2, almost surely, 

(3.12) sup T(x,e„(j),i) > (loge„(j),i)^( ) , 

xen(j)-45 ^^ A/log n(j)^ 

for all j large enough. To see this we need only prove 1)3. 9(1 with the sum 
now going over j' such that Xn,j' G n~'^S. This has the effect of replacing 
Mn by n~^ times its previous value. Clearly (|3.6() still holds, with perhaps 
a different 7 > 0. Also, we now have only (e„_„/e„)^ < C2M„n~^^, but this 
is enough to establish 1)3. 7|) . The rest of the proof follows as before. 

4. Proof of the lattice torus covering time conjecture 
To establish Theorem II. II it suffices to prove that for any 5 > 

(4.1) hmpf '^" >i-s)=l 

n— >oo \(nlogn)^ vr / 

since the complementary upper bound on T^ is already contained in [IJ 
Corollary 25, Chapter 7] (see also the references therein). Our approach is 
to use Theorem 11.21 together with the strong approximation results of ^S] 
and EH. 
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Fix 7 > and let e„ = 2n'^~'^ . Then by Theorem 11.21 for all n > Nq with 
some A^'o = A''o(7, 6) < oo 

(4.2) P fc,„ > ^^^~^~^^\ lognf) >l-6. 



IT 

By Einmahl's |15l Theorem 1] multidimensional extension of the Komlos- 
Major-Tusnady j21j strong approximation theorem, we may, for each n, 
construct {S^} and {Wt} on the same probability space so that a.s. for 
some uq = no(cij) < oo, 

max \Wk — V^Skl < n'^/6, Vn > uq 

Hence, dividing by \/2n we have 

, Wk Sk, 

max \^-= < en/2, Vn > no 

fc<4n2(logn)2 ^/2n n 

or, using Brownian scaling, we have 

Sk 



(4.3) P inax \Wk/2n^ - — | > ej2 < 6 

Vfc<4n2(logn)2 ' n J 

for all n> N[^ with some Nq = NQ{'y,6) < oo. 

Now, by 1)4. 2() we see that with probability at least 1 — 5 some disc 
Dj2{x,en) ^ T^ is completely missed by 

4(1-7-5)2 2, 



Wk/2n^ mod Z ; /c < n (log n) 

hence by (|4..S|) with probability at least 1 — 25 we have that 

l^l^^Z^;k< lil^2^il!n2(logn)2\ 
[ n vr J 

avoids some disc of radius en/2 = n^~^. Thus, the probability that 

Sk mod nZ^;k< ^^ ~ ^ ~ ^ ^^(logn)^ 

vr 

avoids some disc of radius n"' is at least 1 — 26, which implies (|4.1j) . 

5. Proof of the Kesten-Revesz conjecture 

Let Dr = D{0,r) n Z^ denote the disc of radius r in Z^ and define its 
boundary 

dDr = {z ^ Dr \z — y\ = 1 for some y € Dr}. 

Let (/>n = (log n)^/ log log n and let Mn denote the number of excursions 
in Z^ from dD2n to 9-Dn(iogn)» after first hitting 5Z?n(iogn)3) that is needed 
to cover Dn. By |2n[ Theorem 1.1], it suffices to show that 

limsupP(logrn < t{lognf) < e""^/*. 
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and by [201 Equation (7), page 196], this is a direct consequence of the next 
lemma. 

Lemma 5.1. 

(5.1) liminf— — >- in probability. 

n^oo (p^ 3 

Remark: Though not needed for our proof of Theorem ll.41 it is not hard to 
modify the proof of Lemma [5.1l so as to show that Mn/^^n ~^ 3 i^^ probabiUty. 
Let K{z, u) denote the Poisson kernel for the annular region Ar '■= {z : 
r < \z\ < 1/2}, such that for any continuous function g > on dAr, we 
have 

E'{g{We))= [ g{u)K(z,u)du, 

where 6 := inf{t > : Wt G dAr}, and Wt is a planar Brownian motion, 
starting at Wq = z £ Ar- A preliminary step in proving Lemma l5. II is the 
following estimate about K{z,u) when |2;| ^ r = \u\. 

Lemma 5.2. There exists finite c > 2 such that if cr < \z\ < l/(2c), then 

(5.2) sup Kiz, u) < (1 + ^°;^°^^^'h irif i^(z, u) 

{u:\u\=r} ^ \z\^Og{2\z\)/ {u:\u\=r} 

Proof of Lemma 15.21 The series expansion 

00 

Pa{x, u) = Cq{x) + V] Cm{x)Zm{x, -p-r) 



1 M 

m=l 



is provided in [HI 10.11-10.13, Page 191] for the Poisson kernel Pa{', ■) in 
the region A = {x : r^ < \x\ < 1}, at its inner boundary \u\ = rg, where 



ro 1 1 — \x\^"^ 



Cm(x) = \x\ *" < ■; — r > z -7^ — , m > 1, 

'"V y II I 1^1 J i_^^^-j2m' - ' 

and the "zonal harmonic" functions 

Zm{x, e"^) = 2\xr cos(m(Arg(x) - 0)) 
are given in ^ 5.9 and 5.18]. Note that for any x £ A 



\Pa{x,u) - Co{x)\ < y^ Cm{x)\Zmix,-- 



in=l 

00 



(5-3) < 2y{pL] =-^. 

^-^ V \x\ I \x\ — rn 

■m=l ^ ' ' ^ 

The function cq{x) = log(l/|x|)/log(l/ro) is the harmonic function in A 
corresponding to the boundary condition li^i^^g. By Brownian scaling 
K{z,u) = P4(2z, 2^) for rg = 2r. Hence, it follows from (|5.3|) and the 
value of co(-), that for all 2r < \z\ < 1/2, 

/ 8/(r) \ 
sup K{z, u) < 1 + TTTT ii^f -^(-2^' "") ' 

{u:\u\=r} V f{\z\)-Af{r)J {u:\u\=r} 
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where f{t) := tlog(l/(2t)). The proof is complete by noting that f{t) > 
5/(r) for ah cr <t < l/(2c) provided c is large enough (c = 10 suffices). D 
With T^ = (—1/2, 1/2]^, our application of Leninia l5.2l is via the following 
estimate. 

Lemma 5.3. Assume Wq = Xq = (3 with |/3| = -R G (r, 1/2), and let r^ := 
inf{i > : \Wt\ = r}. There exists finite c > 2, such that if cr < R < l/(2c), 
then the law of Wr^ is absolutely continuous with respect to the law of X^-^, 
with Radon- Nikodym derivative hr{(3,-) such that 

(5.4) .up .,(,,„) <1 + |™. 

Proof of Lemma 15. 3t Recall that the exit time 6 from the annular region 
Ar is such that < Tr, with equality iff the path exits Ar via its inner 
boundary dD{0,r). Moreover, with Xq = Wq = z £ Ar, the path {Xt : 
< t < ^} is identical in law to {Wt : < t < 9}. Let L denote the 
number of excursions of cot between dD(0, R) and dD(0, 1/2) completed by 
time Tr. For each k > 0, let ^fc(/?, •) denote the hitting (probability) measure 
of dD{0,R) induced by Wt upon completing k such excursions, conditional 
upon L > k. Let I'kif^, ■) denote the corresponding hitting measure induced 
by the process Xf. Note that L has a Geometric (p) law, where p < 1 is 
the same for both processes Xt and Wt and is independent upon the initial 
condition z £ dD{0,R). Consequently, for any Borel set B C dD{0,r), 

oo 

P^{Wr, G B) = J2pf^{Wr, eB,L = k) 

k=0 

= y^ p'' / fj,k{l3,dz) / K{z,u)du < / [swp K{z,u)\du, 

f^Q JdD{Q,R) Jb ^-PJb\z\=R 

where K{z,u) is the Poisson kernel for Wt and the region Ar- Similarly, 

P'3(X,, Gi?) = V/ / Uk{f3,dz) K{z,u)du 

k=0 JdD{0,R) Jb 

> ^— / [ inf K(z,u)]du. 

i-pJb\a=r 

Hence, for any B C dD{0,r), 

P^iWr,. G B) < P^iX^,. G ^) ^^PN-^.H- ^(^'") , 

inf|2|=i?,|«|=r K{z,u) 

implying that Wr^ is absolutely continuous with respect to Xr^ , and by (|5.2|) 
the Radon-Nikodym derivative hr{(3,-) clearly satisfies (|5.4|) . D 

Proof of Lemma I5.lt For any K C T^ let 

Ce{K) = supT(x,e) 
xeK 
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be the e-covering time of K. Fix a > and h G (0, 1). Set r^ = a/\ logep. 
Taking the isometry i : Df2[{), 1/2) i-^ ^(0, 1/2) to be the identity, omitting 
i~^ throughout the proof, we can find sequences n{j) | oo and (■n{j),i i 
with (loge„(j+i) i)/(loge„(j)^i) — > 1 such that for any a < 2, almost surely 



(loge„(j),i)' ^^ ^\ogn{j)r 



for all J large enough. Indeed, this follows from (|3.12|) after noting that 
nijy^S C L»(0,6re^(^_^^) J. By first interpolating for en(j+i),i < e < ^n{j),i 
using monotonicity and then letting a | 2 we thus have that almost surely, 

(5,5) ^C.(D(0,>...))^2 

6^0 (loge)2 ^ 

Fix 1 > 7 > 0. For the remainder of this section only we set e„ = vP'~^ 
and r„ = r^^ . Using the notations of Section [2 for x = 0, r = r„ and any 
R E (0, 1/2), let 

Kia,R,b) = max{i : T, < Ce„(D(0, 6r„))} 

denote the number of excursions of the Brownian motion Xf in the torus 
T2 from dDj2{0,rn) = dD{0,rn) to dDj2{0,R) = dD{0,R) up to time 
C,„{D{0,brn)). Fixing 6 > 0, let iV„ = (2/3)(l - 7)^(1 - 25)(?!)„, noting that 

-(1 - S){logenf > (1 + ,5)^log(ii/r) , 
vr vr 

for all n > no (a, R, 6, 7), implying that, 

P{M'^{a,R,b)<Nn) < p(c,^{D{0,brn))<^{l-S){logen)A 



N„ 



+ P yr(^-)>(l + 5)^^^^^i^Ar, 



log(i2/r) 



vi=o 



vr 



Hence, by ()2.11|) and H5.5|) it follows that for any R < Ri{6), a > and 

fee (0,1), 

(5.6) lim P (7V;(a, R, b) < Nn) = 0. 

Our next task is to show that 1)5.61) applies for the excursion counts A/'n(a, i?, &) 
that correspond to A/'^(a, i?, b), when Xt is replaced by the planar Brownian 
motion Wt- To this end, consider the random vectors W^ := (Wij ._^_,_^(j) , j = 
1, . . . , A;) andX/j := {X^, j^^a) ,j = 1, . . . ,k). Recall that the j'-th excursion 
of Xi from dDj2{0,r) to dDj2{0, R), starting at Oj = -'^x _i+crO) is precisely 
the isomorphic image of a planar Brownian motion started at Oj, and run 
till first hitting dD(0, R) (and same applies in case of qq = ^o = 0). Thus, 
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by the strong Markov property of both Xt and Wt at the stopping times 
To, To+o-(^), Ti, Ti +(t(2), . . . we see that for every Borel set B C {dD{Q, r)f 

k-l 
pO(Wfc G S) = E0([] hr{X^^,X^^^^u+^,)- Xk G B) . 
j=0 

Recall that l-^xj = R and |-'^2:.+o-(^+i) I ~ ''^ ^^^ ^^^ J — ^- Consequently, 
the law of W^ is absolutely continuous with respect to the law of X^, with 
Radon-Nikodym derivative /i^^^ such that 

ll^rlloo < sup hriP,a) 

\|/3|=i?,|a|=r / 

With r = Vn ^0, we thus have by ()5.4p that for small enough R > Q and 
all n large enough, 

r.7^ \\h II . ^^40r„log(2r„^^^' 

(5-7) ||ft7V„,r„||oo < 1 + 



R\og{2R) 

Since A'',ir„| log(2rn)| — > 0, we see that ||/iAf„,r„||oo ^^ 1 as ra -^ oo. Since 
6 < 1, and with the j-th excursion of Xt from dDf2{Q,r) to 80^2(0, R), 
starting at some aj = X^_ _^_^u) being the isomorphic image of a planar 
Brownian motion started at aj, and run till first hitting dD{0,R), we get 
by the strong Markov property of both Xt and Wt that for any k, 

IE {'i-Af„(a,R,b)<k I O-(Wfc)) = E {l^f|^(a,R,b)<k I O-(Xfc)) , 

implying that 

(5.8) P {Mn{a, R,b)<k)=E {hk,r„ (Xfc) , M^ia, R, b) < k) 
It thus follows from (|^ . ((SHJ and (f^ that 

P (AA„(a, R, h) < Af„) = E (/i7v„,r„(X^J , M'^{a, R, h) < N„) 

(5.9) < \\hN^,rJooF{Kia,R,b) < N^) ^ 

Setting R < Ro{d) small enough for H5.9|) to apply, with a := 2R{1 — 7)^ 
and b := 1/(2(1 — 7)), we next use strong approximation, as in Section |1J 
to show how H5.1|) follows from this. Indeed, with t„ := exp((logn)^), we 
may and shall, for each n, construct {Sk} and {Wt} on the same probability 
space so that for some uq = no((^) < cxd 

max \Wk — V2Sk\ < 'nP'' , Vn > no as. 



Hence, multiplying by pn := brn/{v2n) we have 

max \pnWk — pnV2Sk\ < £n/'^i Vn > no a.s. 
or, using Brownian scaling, we have 
(5.10) P (max \Wkp2 - PnV2Sk\ < e„/3 ) >l-6 

\k<tn J 
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for all n> Nq with some Nq = Nl^{j,6) < oo. 

Recall that P{Tn > tn) — > 0, see [201 Theorem 1.1], hence by (|5.9)) . we see 
that for all n sufficiently large, 

(5.11) P {Mn{a, R, b) >Nn,Tn<tn)>l-6. 

Now, by ()5.11|) we have that with probability at least 1 — 6 some disc 
D{x,en) ^ D{0,brn) is completely missed by {Wfcp2} during the first Nn 
excursions from 5D(0, r„) to dD{0,R). Moreover, by (|5.11|) . also {\/^pnSk : 
k < tn} covers yzp^ZJ^, hence with probability at least 1 — 26, we also have 
by (|5.10j) . that the sequence {Wkp2 : k < tn} provides a (2e„/3)-cover of 
the set D{0,^/2pnn). Our choice of pn guarantees that the latter set is ex- 
actly -0(0, brn)- Consequently, in this case we know that the Nn excursions 
mentioned above are completed by time Pn'^tn- Observe that b > 1/2 and 
6r„(logn)3 = R{1 - 7), hence (r„ + e„/3) < \/2p„(2n) and {R - e„/3) > 
y/2pn'n{log n)^, for all n large. Appealing again to (|5.1fl|) we thus further have 
that {\/2pnSk} avoids some disc of radius en/3 = ^n'^~^ in D{0, \/2pn'n) 
during its first Nn excursions from ^/2pndD2n to -v/2/5„5-D„(iog„)3. Thus, 
the probability that {Sk} avoids some lattice point in Z)„ during its first 
Nn = |(1 — 7)^(1 — 26)(j)n excursions from dD2n to 9D„(iog„)3 is at least 
1 — 26. Considering 6^0, followed by 7 ^ 0, we get (j5.ip . D 

6. First moment estimates 

We start with analyzing the birth-death Markov chain {!]} on the state 
space {—n, — (n — 1), . . . , —1}, starting at Yq = —n, having both — n and 
— 1 as reflecting boundaries (so that P(Yi = — (n — l)|y/_i = — n) = 1, 
F{Yi = — 2|y/_i = —1) = 1) and the transition probabilities 

p^:=P(Yi = -{k-l)\Yi_^ = -k) = l-P(Yi = -{k + l)\Yi = -k) 

(6 1) = l°g(^ + 1) 

^ ■ ' logA:-Flog(/c-M) ■ 

for fc = 2, . . . , n — 1. Let C = 3a > and 

m 

S := inf{m : ^ l^_„y{Yj) = Cn^logn}, 
i=i 

denote the number of steps it takes this birth-death Markov chain to com- 
plete C^^logn excursions from — (n — 1) to —n. For each —n < k < —2, 

s 

^k = 2_^ l{y,_i=A:,Yi=fc+l} , 
1=1 

denote the number of transitions of {Yi} from state k to state /c -|- 1 up to 
time S. (Thus, -L_„ = ^n^ logn). As we show below, fixing x £ S, the law of 
{^nk}k=2 relevant for the n-successful property, is exactly that of {L_fc}^^2- 
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To get a hold on the latter, note that conditional on L_(^^^) = £k+i > we 
have the representation 

4+1 



(6.2) L_k = ^Zi 



where the Zi are independent identically distributed (geometric) random 
variables with 

(6.3) P(Z, =j) = (l-Pfe)Fi, j = 0,1,2,... 

Consequently, {-^fc}^=_„ is a Markov chain on Z-|_ with initial condition 
L_n = C'^^logn, and transition probabilities P(L_fc = 0|L_(;j^x) = 0) = Ij 

(6.4) P(I_fc=^|I_(,+i) = m) = ("'^^ + ^y,(l-p,)-, 

for m > 1, i >0 and k = n — 1, . . . ,2. 

Let Hk = C^^ log k for k = 3, . . . ,n — 1 and define for 2 < i < j < n, 

i-i _ _ 

(6.5) hj{lj):= Yl Il^{L-k=ik\L_^k+i)=^k+i), 

ii,...,ej_i k=i 

where in = C^^ log ^ ^^^ ^2 = 0. The next lemma is key to estimating the 
growth of hin{in) in n. 

Lemma 6.1. For some C = C{C,) < oo and all 3 < k < n— 1, \i — n^l < k, 

\fh — n^+il < A; + 1, m > 1, 

(6.6) ^7-1^== < P (L_fe = £ L_(,+i) = m) < C—== . 
Proof of Lemma 16.11 With Pk = ^ —Pk ^^'^ m, = m — 1 > 0, we see that 

(6.7) ^-^^F {L^k = i I I-(.+i) =m) = h^ \r (1 - p,)^+i . 

Pk ' \ m J 

The right hand side of (|6.7|) is merely "lei" (7.6)] for which the bounds of (|6.6|) 
are derived in JJ^^ Lemma 7.2]. To complete the proof, note that pk = ^—Pk 
is bounded away from and 1 (see (|6.1j) ). D 

Note that 

^ inf P (L_2 = I L_3 = m) > (1 - Pa)"'^^ > 0. 

m<n3+3 

Hence, setting hn,n{in) = 1, it follows from 1)6. 5(1 and 1)6. 6|) that for some 
Ci < oo, 

(6.8) Cr^^=L < /^^-"^y < Ci^^ V2<fe<n-1. 

Vlogfc nk+l,n[in) Vlogk 
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Applying (|(i.8j) we conclude also that for any 7 > there exists C2 = C2 (7) > 
such that for all 2 < / < n — 1 . 

(6,9) ,,,„(„ >ncr'^^>cr'{^} 

Recall that e^ = ei(A;!)~'^ and e„_fc = /9„en(^0^ ^^^ Pn = n^'^^ and A; = 
1, . . . , n. Per n > 3 and x G 5 = [ei, 2ei]^, 7?.^ denotes the time until Xt com- 
pletes C?^^logn excursions from i^^(3D(x, e„_„-i)) to i^-'^(9D(x, e„^„)) and 
^nki k = 2, . . . ,n, denote the number of excursions from i^^{dD{x, en,k~i)) 
to i~^{dD{x,€n.k)) until 7^^. A point x S 5" is n-successful if 

Nn,2 = 0, nk-k<Nlk<nk + k V/c = 3, . . . ,n - 1 . 

The next lemma applies (|6.8|) to estimate the first moment of the n- 
successful property. 

Lemma 6.2. For all n > 3,x £ S and some 5n -^ 0, independent of pn, 

(6.10) Qn := P(x is n-successful) = (n!)~''~ " . 

Proof of Lemma 16.21 Observe that 

log(en,fc+l/e„_A:) 



Pk 



log{en,k+i/e 



n,k-l 



is exactly the probability that the planar Brownian motion Bt starting at 
any z £ dD{x,en,k) will hit dD{x,en,k-i) prior to hitting dD{x,en,k+i), 
with (Yi_i,Yi) recording the order of excursions the Brownian path makes 
between the sets {dD{x, en,k),n > A: > 1}. Note that ^ D{x, ei) for x G S, 
the above mentioned probabilities are independent of the starting points of 
the excursions, and dD{x, en,k) C -D(x, ei) C -D(0, 1/2), for all A; = 1, . . . , n. 
Hence, by the strong Markov property of the Brownian motion Xt on T^ with 
respect to the starting times of its first nn excursions from i~^{dD{x, e„^„_i)) 
to i~^{dD{x,€n,n)), it follows that in computing g„ of H6.1U() we may and 
shall replace Xt by the planar Brownian motion Bt = i{Xt). It follows from 
radial symmetry and the strong Markov property of Brownian motion that 
q-n is independent of x G 5. By Brownian scaling, g„ is also independent of 
the value of p„ < 1. Moreover, as already mentioned, fixing x G 5, the law 
of {^^fc}fc=2 ^^ exactly that of {L_fc}'^^2- We thus deduce that 

(6.11) g„ = P (|I_fe - rifcl < A; ; 3 < fc < n - 1 ; I_2 = 0) = /i2,n(4) 

Since n^^ logn! -^ 00 and for some ?/n ^ 

n 

n log(A:) = (n!)^- , 

k=2 

we see that the estimate ()6.1U() on g„ is a direct consequence of the bound 
(jEHl)- □ 
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In Section 13 we control the second moment of the n-successful property. 
To do this, we need to consider excursions between disks centered at x G S as 
weh as those between disks centered at y £ S, y ^ x. The radial symmetry 
we used in proving Lemma 16.21 is hence lost. The next Lemma shows that, 
in terms of the number of excursions, not much is lost when we condition 
on a certain u-algebra Qf which contains more information than just the 
number of excursions in the previous level. To define Qf , let tq = and for 
i = 1,2, ... let 

T2i-i = mi{t>T2i-2:Xter^{dD{y,en,i~i))} 
T2i = inf{i > T2i-i : Xt G i~^{dD{y,en,i))]. 
Thus, Nil = max{i : rgj < Ul]. For each j = 1, 2, . . . , iV^, let 

e(^) = {Xr^^_^+t : < t < T2j^l - T2J-2} 

be the j-th excursion from i~^{dD(y,en,i)) to i~^{dD{y,en^i~i)) (but note 
that for j = 1 we do begin at t = 0). Finally, let 

,iK,^^) = {x^^^^ ^^,t> 0}. 

n.l 

We let Ji := {/ — 1, . . . , 2} and take Q^ to be the cr-algebra generated by the 
excursions e^ ',..., e^ "-',6^ "•' '. 

Lemma 6.3. For some Cq < cxd, any 3 < I < n, \mi — ni\ < I and all y (£ S, 

P^Nl, = mk;keJi\Nl, = mi,gf) 
i-i 
(6.12) < (1 + Col-' log n P (^-k = "^fc I ^-(fe+i) = ^k+i) 

k=2 

The key to the proof of Lemma 16.31 is to demonstrate that the number of 
Brownian excursions involving concentric disks of radii e„ fc, k G Ji prior to 
first exiting the disk of radius e„,i is almost independent of the initial and 
final points of the overall excursion between the e„^/_i and en^i disks. The 
next lemma provides uniform estimates sufficient for this task. 

Lemma 6.4. Consider a Brownian path B. starting at z G dD{y, e„j_i), for 
some 3 < I < n. Let f = inf{t > : Bf ^ D{y,en.i)} and Z/^, k £ Ji, denote 
the number of excursions of the path from dD{y, en.k-i) to dD{y, en.k), prior 
to f. Then, there exists a universal constant c < oo, such that for all 
{m^ : k E Ji}, uniformly in v £ dD{y, e„ i) and y, 
(6.13) 

P"(Zfc = mk,k£Ji\B^ = v)<{l + cr^)P'{Zk = mk,kG Ji) . 

Proof of Lemma 16.41 This is essentially [I3t Lemma 7.4]. The only 
difference is that here we use the sequence of radii en,fc, for k = 1,1 — 1,1 — 
2, . . . , 2, whereas ^^ uses the radii e^, for k = I — 1,1,1 + 1, ... ,n. The 
proof of |13| Lemma 7.4] involves only the ratio ei/ei-i = /^^ between the 
two exterior disks and the fact that the probability pi of reaching the next 
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disk (of radius e^+i there), is uniformly bounded away from 1. The ratio of 
the two exterior disks here is en,i-i/^n,i = l~'^ which is the same as in |13j . 
whereas pi is replaced here by Pi_i, which is also uniformly bounded away 
from 1. n 

Proof of Lemma 16.31 Fixing 3 < I < n and y £ S, let Zj^^ , k £ Ji denote 
the number of excursions from i~^{dD{y, en,k~i)) to i~^{dD{y, en,k)) during 
the j-th excursion of the path Xt from i~^{dD{y, en,i-i)) to i~^{dD{y, e^^;)). 
If 771^ = then the probabilities in both sides of H6.12() are zero unless nik = 
for all A: S J;, in which case they are both one, so the lemma trivially applies 
when mi = 0. Considering hereafter mi > 0, since ^ i^^{D(y, ei)) we have 
that conditioned upon {N^i = tui}, 

nil 

(6.14) <. = E4^'^ ^^'^'• 

i=i 

Conditioned upon Qf , the random vectors {Zj^ ,k G J/} are independent 
for j = 1,2, . . . ,mj. Moreover, with Xt being the isomorphic image of a 
planar Brownian motion Bt within D{y,e„i), we see that {Zj^' ,k G J;} 
then has the conditional law oi {Zk,k £ Ji} of Lemma If) .41 for some random 
Zj £ dD{y,en,i-i) and Vj £ dD{y,en,i), both measurable on Gf (as Zj corre- 
sponds to the final point of e^^\ the j'-th excursion from i~^{dD{y, e„^;)) to 
i~^{dD{y,en,i-i)) and Vj corresponds to the initial point of the {j + 1)- 
st such excursion e^-'"''^^). Let Vi denote the finite set of all partitions 
{m)^',k £ Ji,j = I,..., mi : mu = Yljlifrq ,^ £ Ji]. Then, by the 
uniform upper bound of (|6.13j) and radial symmetry, 

nNlu = ^k,k£Ji\Nl^ = mugy) 

mi 

= E n P'' (^fc = "^fe^' k£Ji\Br = Vj) 
Vi j=l 
mi 

< y^T\{l + d-^)P'^iZk = m^^\k£Ji) 






(1 + cZ-^y-'P (at^^ = mk,k£ Ji\ Nil = mi 



Since mi < ciP log / we thus get the bound H6.12() by the representation used 
in the proof of Lemma 16.21 D 



7. Second moment estimates 

Recall that -/V^^ for x £ S, 2 < k < n, denotes the number of excursions 
fromi~-'^(9Z)(a;,e„^fc-i)) ^oi~^{dD{x,en,k)) prior to T^J^. With nfc = C^^logA; 

k 

we shall write N r^ rik if |A^ — n^l < k for 3 < fe < n — 1 and A^ = when 
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k = 2. Relying upon the first moment estimates of Lemmas 16.21 and l6.,'-{( we 
next bound the second moment of the n-successful property. 

Lemma 7.1. For any 7 > we can find C = C{'y) < 00 such that for all 
x,y e S, 

(7.1) P (x and y are n-successful ) < ql n^+^^C""' f — I 

where I = max{fc < n : \x — y\ > 2en^k} V 1 f^iT-d Qn '■= P(2; is n-successful ). 
Furthermore, if \x — y\ > 2en,n then for some Cq < 00, 

(7.2) P {x and y are n-successful ) < (1 + Con~^ logn)q'^ . 

Proof of Lemma 17.11 Fixing x,y G S, suppose 2en,i+i > \x — y\ > 2e„_; 
for some n — 1 > / > 3. Since en,i+2 — ^n,i ^ 2e„^/+i, it is easy to see that 
i^^{D{y,en,i)) n i^^{dD{x,en,k)) = for all fc 7^ / + 1. Replacing hereafter 
I hy I A {n — 3), it is easy to see that for A; 7^ / + 1, k ^ I + 2, the events 

{■^nk ~ '^fc} ^^^ measurable on the a-algebra Qf defined above Lemma 16.31 
With J; := {^ - 1, . . . , 2} and // := {2, . . . , ^, Z + 3, . . . , n - 1}, we note that 

{x,y are n-successful} C {N^^^. r^ n^, k £ Ii}f^{Nl^f^ ~ "-fc, k £ J^+i} . 

k 

Let Ai{Ii) := {m2, ■ ■ ■ ,mn~i : m^ ~ n^, fc G Ii} (note that the range of 

k 

1^1+1 1 1^1+2 is unrestricted), and A4{Ji) := {m2, ■ ■ ■ ,mi_i : m^ ~ nk,k G 
Jl}. Applying (|6.12|) . we have that for some universal constant C3 < 00, 

P (x and y are n-successful) 

< Y. ^ [^(Kk = mk,k£Ji\ Nl, = mi,Q\)- iV^ ^ ^ nk, k e Ii 
M(Ji+i) 

< C3P (at-;, ^nk, keli^ Y. ^2,/(mO 

\mi-ni\<l 

(7.3) 

Since, 

1+2 

mi+i,mi+2 k=l 

= P (L_/ = mi I L_(,+3) = mj+s) < 1, 

taking m„ = Qn^ logn, we have by the representation 1)6. 11(1 of Lemma 16.21 
that 

n-l 

P \^n,k ^rik, k£ Iij = ^ Jl P [L-k = mk \ ^-(fc+i) = m-fc+i) 

M{Ii) k=2 

(7.4) < /li+3,n(W'n) Yj ^2,li'^l) 

\mi-ni\<l 



qn = h2,n{mn) > hi^n{mn) mf h2,i{mi) 

\'mi-ni\<l 
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(as mentioned, the sum over M.{Ii) involves the unrestricted m^+i and 7111-^-2) ■ 
Combining (|7.3|) and (|7.4j) . we have 

(7.5) P (x and y are n-successful) < C3/ii+3^„(7n„) N^ ^2,/("^0 

\'mi-nt\<l 

By H6.11() and the bounds of Lemma l6. II we have the inequahties, 

ir 

H- 

> hi.a{mn)C~'^ sup h2,i{mi) 

\mi-ni\<l 

(7.6) > hi^n{mn)C-\2l + l)-^ Yl Kii^i) 

\mi-ni\<l 

Combining (|7.5() and 1)7. 6|) . we see that for some universal constant C4 < 00, 
P ix and y are n-successful) < Cin q — — '^ — ^ . 

By ()6.8() . /ii+3,n("in)//iz,n(™'n) < Csn'^^"^^ for some C5 < 00 and all / < n— 3. 
Thus, we get (|7.1|) via the bound (|6.9j) on hi^ni'm'n), with the extra n^'' factor 
coming from the use of ^ A (n — 3) throughout the above proof. It also 
follows from (|6.9j) and (|6.11j) that when 2e„^3 > jx — y|, the trivial bound 
P (x and y are n-successful) < qn already implies (|7.1j) . 

Suppose next that |x — y| > 2€n,n, in which case (|7.H) is contained in the 
sharper bound (|7.2j) . To prove the latter, note that if |rE — y| > 2en,n, then 
the event {x is n-successful } is Qn measurable, hence 

P (x and y are n-successful ) 

= E ({P(y is n-successful | ^n)} , x is n-successful ) 

= E N P( iV^;, ~ nfe. A; G J„ I iV^„ = m„, ^^) > , x is n-successful j , 
and (|7.2|) follows from Lemma 16.31 D 

8. The e-covERiNG time of a compact Riemannian manifold 

Let M be a smooth, compact, connected two-dimensional, Riemannian 
manifold without boundary. Let {Xt}t>o denote Brownian motion on M 
starting at some non-random xq E M. The process {Xt}t>o is a symmetric, 
strong Markov process with reference measure given by the Riemannian 
measure dA and infinitesimal generator 1/2 the Laplace-Beltrami operator 
Am- We use d{x,y) to denote the Riemannian distance between x,y G M. 
With this notion of distance we can take over the definitions used for the 
plane and the flat torus: DM{x,r) denotes the open disc in M of radius r 
centered at x. For 2; in M we have the e-hitting time 

T{x, e) = inf{t > | Xt G Dm{x, e)}. 
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Then 

Ce = sup T{x,e) 

is the e-covering time of M. 

Proof of Theorem II. 3t If g denotes the Riemannian metric for M, let 
M' denote the Riemannian manifold obtained by changing the Riemannian 
metric for M to g' = g/A, so that the area of M' is 1. Since Am' = -^Am, 
it follows that X'^ = X^/j^ is the Brownian motion on M' . With C'^, denoting 
the e'-covering time of M', we see that C^ has the same law as AC rj. 

Consequently, it suffices to prove the theorem only for manifolds of area 
j4 = 1, which we assume hereafter. Then, the statement and proof of Lemma 
12.11 applies for any fixed x G M, upon replacing Dfi{x^ •) by Dm{x^ •). 

Our assumptions about M imply the existence for some .^ > of a smooth 
isothermal coordinate system in each disc Duiu-, C), u £ M (c.f. for example 
[2HI Page 386 and Addendum 1]). This implies that with respect to such 
coordinates, the Laplace-Beltrami operator Am is given on D]\f{u,S,) by 
a{z){df + 9|) for some smooth, scalar function a : M ^ (0, cxd), with a{z) = 
au{z) possibly depending on u. Moreover, for each u £ M and 6 > 0, upon 
choosing ^ = ^{u, 6) > small enough, we may after translation and dilation, 
assume that for the above mentioned coordinate system i : Dm{u,C) '~^ ^"^^ 
we have i{u) = 0, D{0,p) C i{DM{u,^/2)) for some p = p{u,5) with < 
p < £, and if x, x' G Dm{u, ^), then 

(8.1) (1 - 5)\i{x) - i{x')\ < d{x, x') < (1 + d)\i{x) - i{x')\ . 

For any open G C Dm{u,^), let tg = inf{t > : Xt ^ G}. It follows 
that for any z S Dm{u,C) we can find a Brownian motion Bt starting at 
i{z) such that {i{Xt), t < tq} = {Bxt, t < tq} where Tt = /q a{Xs) ds, see 
[23 Section V.l]. Thus, T^-^ = T^i(G)^ where for any set D C M^ we write 
td = inf{t > : Bt ^ D}. Consequently 



^.2) ( inf a{vU tq < a(X,) ds 



n{G) 



The upper bound in (|1.3j) is obtained by adapting the proof provided in 
Section l2j To this end, fixing 1/2 > S > 0, extract a finite open sub-cover 
UjDm('Uj,Cj/4) of the compact manifold M out of UugM-CMl^j^l^*, '5)/4). 
Since a = minjiniz^DMiu ,^ ) ciujiz) > 0, we have by (|8.1j) . (|8.2|) and (|2.15|) 
that for any R < miuj ^j/4 

\\tr\\r := sup sup E'^(t£,^^(^^r)) < — — —^ ^h-»o 0. 

xeM z£Dm{x,R) Zg,[i-d) 
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With its proof otherwise unchanged, Lemma 12.21 apphes for M. Moreover, 
fixing j, we have that for any x € Dm{uj,(,j/4) and < e < -R < ^j/4, 

i-\D{i{x),{l-6)e)) C DMix,e), 
r\D{i{x),{l-6)R)) C Dm{x,R), 
i-\D{i{x),{l-5)-^R/e)) D DM{x,R/e). 

Consequently, the left hand side of (|2.23|) is bounded above by the prob- 
ability that Wt does not hit D{i{x),{l — 5)e) during n^ excursions, each 
starting at dD{i{x), (1 — 5)~^R/e) and ending at dD{i{x), (1 — 6)R). This 
results with H2.23() and hence Lemma 12.31 holding, albeit with 1 — 5' = 
(1 — 5){1 + 21og(l — 5)) instead of (1 — S). Since M is a smooth, compact, 
two-dimensional manifold, there are at most 0(e~^) points Xj £ M such 
that inf^^j d{xi, Xj) > e. The upper bound in ()1.3() thus follows by the same 
argument that concludes Sectional 

The complementary lower bound is next obtained by adapting the proof 
provided in Section |21 To this end, fixing 1/2 > 5 > 0, let ^ = S,{S) > 
and p = p{6) > be such that D{0,p) C i (Dm (2:0,^/2)) and (jHTT) holds for 
the isothermal coordinate system i on DMixo,S,)i with i(xo) = 0. It follows 
that 

IJ D{x,ei) C D{0,p) C i{DMixo,C/2)) , 

provided ei < p/5. Choosing < ei < p/5 small enough so that ei < 
Ri{6) of Lemma 12.21 we say that x £ S is n-successful if H3.2p applies. 
The probability Pf. that a planar Brownian path Bt starting at any z G 
dD(x,en^k) hits dD{x,en^k-i) prior to 5Z?(x, e„_fc_|_i), is independent of z 
and this is true even after an arbitrary random, path dependent, time 
change. With xq ^ i^^{D{x,ei)), and i~^{dD{x,en,k)) C i~^{D{0,p)) for 
all fc = 1, . . . ,n, we see that the identity 1)6. 11() holds, resulting with the 
conclusion of Lemma 16.21 For y £ S, let Gf be the cr-algebra generated 

by the excursions e^'^',...,e^ "■'', e^ "•' ' as defined in Section |S1 Note 
that Lemma 16.41 applies to the law of a planar Brownian excursion B. start- 
ing at z G 9Z?(y, e„^i__i), conditioned to first exit Z)(y, e„^;) at v, even after 
an arbitrary random, path dependent, time change (indeed, both sides of 
1)6. 13(1 are clearly independent of such time change). Moreover, the upper 
bound in 1)6. 13(1 is independent of the initial point z £ dD(y, e„^;_i). In case 
N^i = mi > 0, since xq ^ i~^{D{y,ei)) we have the representation ()6.14|1 . 

where conditioned upon Qf , the random vectors {Zj^ , k S J;} are indepen- 
dent for j = 1,2, ... ,mi. Recall the above mentioned identity between the 
'isomorphic image' of the path of Xt till first exiting i''^{D{y, en,i)) and the 
law of a time-changed planar Brownian path till its first exit of D{y,€n,i)- 

This identity, implies that each random vector {Zj^ , k £ Ji} has the condi- 
tional law of {Zi^, k £ Ji} of Lemma 16.41 for some random Zj £ dD{y, e„^;_i) 
and Vj £ dD{y,en,i), both measurable on Qf . With (|6.13|1 in force, we thus 
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establish that the conclusion (|().12)) of Lemma IH.I-}! applies here and can follow 
the proof of Lemma l7. II to arrive at its conclusion. Thus establishing all es- 
timates of Sections El and [3 we have that Lemma l.S.ll holds and consequently 
the bound of (|.S.9|) applies. It follows from (|8.1j) that 

r^{dD{x,en,n-i)) C DM{i'^{x),{l + 6)en,n-i), 

i-HdD{x, en,n)) n DM{r\x),il-5)€n,n)=9, 

DMii~\x),il-5)en,i) C i-\D{x,€n,i)). 
Consequently, if x is n-successful, it follows that 

N 

T(ri(x),(l-5)e„,i)>^r(^), 

j=0 

where N = rin = 3an^ log n and r" ^ correspond now to excursions be- 
tween the sets dDM{i~^{x),{l — 5)e„_„) and dDM{i~^{x),{l + 5)e„,n-i)- 
The statement and proof of Lemma 13.21 then applies, except that we now 
use T{i~^{x), (1 — (5)e„_i) in (|3.in|l . The lower bound in (|1.3|) follows by the 
same argument as in Sectional now with C(^i_s)e„,) i iii (|3-11|) - D 

9. Complements and unsolved problems 

(1) We have the following direct corollary of Theorem ll.2l 

Corollary 9.1. For < ^ < 1 let %i{'j) denote the time it takes 
until the largest disk unvisited by the simple random, walk in Z^ has 
radius ri^ . Then, 

lim - — ^ — = in probability. 

n^oo (nlogn)^ vr 

Equivalently, for < a < 1 the logarithm to base n of the radius 
of the largest unvisited disk at time aTn converges in probability to 
1 - a/o. 



Proof of Corollarv I9.lt The lower bound on 7^(7) is derived in 
Section H By Theorem O also P(Ce„ < ^^i^^±^(logn)2) > 1 - <5 
for en = -gn'~'~^ and all n large enough. Similarly to Section^ this 
yields the upper bound on 7^(7) by strong approximation (and tail 
estimates for the supremum of |Wt — Wj^/2n^\ over t G [k/2v? , {k + 
l)/2n2] and k < An'^{logn)'^). D 

Given a planar lattice £, let Cp = C n D{0, p), a finite connected 
graph of Np vertices. Denote by Tp the covering time for a simple 
random walk on Cp. The approach of Section 0] can be adapted so 
as to show that 

T A 

lim TT-r, — ^^^ NO = Cr := — z — -ttt in probability , 

P^ooNpilogNpY ^ 27r(detr)i/2 ^ ^ 
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where 



A = lim 



vr/)^ 



is the area of a fundamental ceU of C and 

r = hm -E{SnS'J , 

is the two dimensional stationary covariance matrix associated with 
the simple random walk on £ (note that Cc is invariant under affine 
transformations of M^ and as such is an intrinsic property of C). Of 
particular interest are the triangular (degree d = 3) and the honey- 
comb (degree d = 6) lattices for which it is easy to check that T = -^I 
and^ = ^tan(f). 

(3) Jonasson and Schramm show in |18j the existence of universal con- 
stants Cd > such that for any planar graphs Gn of N vertices and 
maximal degree dmax(GAr) < d, one has 

lim inf -— -; -—tt > Cd , 

N-^oo N{logNy - ' 

where T{Gm) is the covering time for the simple random walk on Gat. 
We believe that Cd = -^ tan(^) for d = 3, 4 and d = 6, corresponding 
to Gn taken from the triangular, square and honey-comb lattices, 
of degree d = 3, 4 and 6, respectively. 

(4) Recall that 7^ denotes the (random) cover time for simple random 
walk in Z^. A natural question, suggested to us by David Aldous, 
is to find a limit law for an appropriately normalized version of 7^. 
The analogies with branching random walk lead us to supect that 

1/2 

perhaps the random variable Tn /n, minus its median, will have a 
nondegenerate limit law. 
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